We consider the solution of the nonlinear Schrodinger equation i&:81= -Au+f (u) and ~(0. .)=cp(.), where u is defined on [0, T)x KY" and/is a nonlinear complex-valued function. We consider the case of the critical power. That is. f(z) z -1~1~~~'~ as c + + r in a sense which will be made precise. In addition, we suppose that u(t) blows up in the norm II .IIHa at time T. We prove that tc(t) has no limit in L' as t + T. In the particular case where cp has a spherical symmetry, we further show a phenomenon of L' concentration at the origin.
I. INTRODUCTION AND MAIN RESULTS
In the present paper, we consider the solution of equation where S( .) is the group with infinitesimal generator id (the Schrodinger group) and for each t, u(t) denotes the function x + u(t, x). In the particular case of f(z) = -1~1 p-' z with PE (1,2* -1) (where 2* = 2N/(N-2) if N> 2, otherwise 2* = +X ), it is well known that for p 2 1 + 4/N, there are singular solutions of Eq. (1.1) for suitable initial data (see Zakharov, Sobolev, and Synackh [ 161, Glassey [S] , M. Tsutsumi [ 121) . That is, there are some solutions u(t) of Eq. ( 1.1) such that u( . ) E C( [0, T), H1 ) and lim, _ T Ilu(t)llHl= +oz. We study the behavior at time T of blow-up solutions in the critical case p = 1 + 4/N. For N = 2, this case has a physical interest: it can be considered to first approximation as a model of a planar laser beam which is propagating along a single direction t in R'.
The phenomena which occur in the case where p = 1+4/N seem to be quite different from the other cases. Indeed, for p < 1 +4/N, blowing-up in finite time never occurs (Ginibre and Velo [3] ). For p = 1 + 4/N, there are some examples of explicit blow-up solutions without a strong limit L2 at blow-up time (Weinstein [ 151, Nawa and M. Tsutsumi [9] ). In the supercritical case 1 + 4/N < p < (N + 2)/( N -2), the numerical computations (Lemesurier, Papanicolaou, C. Sulem, and P. L. Sulem [7] ) and some mathematical analysis (Merle [8] ) suggest that every blow-up solution has a strong limit in L2 at the blow-up time.
In addition, in the critical case the explicit examples of blow-up solutions lose their L2 continuity because of a "mass concentration" phenomenon. That is, the L' density concentrates at the blow-up points (Weinstein [ 151, Nawa and M. Tsutsumi [9] ).
In this paper, in the case where f(z) behaves like the critical power _ lzlW = as I=/ + +K, we consider the two following questions:
Are there some blow-up solutions with a strong limit in L2 at blow-up time?
Does the L2 concentration occur for blow-up solutions other than the already known explicit blow-up solutions?
More precisely, we suppose that .f: @ + @ satisfies the following assumptions: Then u(t) does not hatle a strong limit in L' as t + T.
In addition, we hatIe the stronger property that there is no sequence (t,, ) such that t,, + T and u( t,,) converges in L' as t,, + T. Therefore Theorem 1 implies that for an initial datum cp E H', the blow-up solution cannot be extended beyond the blow-up time in the strong topology of L'. That is, the blow-up time in H' is the same as the blow-up time in L'. Remark 1.2. It is the first result of nonexistence of a strong limit in L', in the case where h ~0. Indeed, we do not have the conformal invariance which is essentially used to find explicit examples of blow-up solutions.
Remark 1.3. We do not need that IsI cp E L' as in [S].
Assume now that cp has a spherical symmetry. then u(t) has the same symmetry. This symmetry implies that an L' concentration occurs at the origin, at the blow-up time. n-+cc Furthermore, it is not restricted to the spherically symmetric case.
Our plan in this paper is as follows. In Section 2, we give a proof of Theorem 1. In Section 3, we state a proof of Theorem 2. Finally, Section 4 is devoted to further remarks.
We conclude this section with several notations. We abbreviate Ly (Iw") and II . II L4( W) to Ly and II .I) y, respectively. We put (T = 1 + ( 1 + 4/N) = 2( N + 2)/N. Various positive constants will be simply denoted by c.
II. NONEXISTENCE OF A STRONG LIMIT AT THE BLOW-UP TIME
In this section, our purpose is to show Theorem 1. We remark that we have only to show the following proposition which is a stronger result than the nonexistence of a limit in L2 at the blow-up time. PROPOSITION 1. Assume that the nonlinearity f satisfies (F. 1 )-( F.3 ). Let u(t) be rhe solution of Eq. (1.1) in C( [0, T), H '). Suppose that there is a sequence (t,) such that t, + T and u( t,) has a strong limit in L' as n -+ +x. Then lIVu(t)ljL? belongs to L"(0, T).
Proof: Let us consider the case wheref(z) = -1~1~'~~ Z; the proof in the general case will be the same. We claim this result as a consequence of the conservation of energy and the Sobolev inequality.
We consider the conservation of energy Let us show that there is a c>O such that Vn, llVu(t,)ll,z<c. Since the sequence u(t,l) converges strongly in L2, there is a positive integer k such that for all n 2 k, m > k, c IIu( t,,) -u(t,,,)ll z-' 6 i. Therefore, choosing m = k in the inequality (2.2), we obtain for ai1 n2nk, llVu(t,,)ll~6~ IIVu(t,)llS+ck, which implies with the conservation law (1.2) that the sequence u(t,,) is bounded in H'.
The unique local solvability results in H' for the Cauchy problem for Eq. (1.1) and the boundedness of u(t,l) in H' yield Proposition 1. Indeed, we note that the existence time of the local solution of Eq. (1.1) depends only on the size of the H' norm of the initial data (see Ginibre and Vefo C31, Km CSI).
III. THE CASE OF SPHERICAL INITIAL DATA
In this section, we prove Theorem 2. Hence we assume that cp has a spherical symmetry and N > 2. As before, we suppose that f(z) = -(~1~'~ Z, since the proofs in the general case will be the same. We first prove some technical lemmas and then that the origin 0 is a blow-up point in a sense which is to be made precise. We further prove a lemma which measures the concentration of the norm L" at the point 0. Finally, we show Theorem 2.
LEMMA I. Let u be a radially symmetric function in H 1 and R be an arbitrary positive constant. Then we have Proof It is a classical result.
We denote in this section by pR a C" function such that pR(x)= ~~(1x0, pR(.x)= 1 for 1.~1 6 R, pR(x)=O for 1.~1 >2R, and Vx, IpJ?c)l 6 1. We have the following result: Proof: Some calculations yield the result.
We claim now that the origin 0 is a blow-up point in the following sense (ii) iffor t<T,u(t)EL",forall R>O, lim,,.Ilu(t)ll,,,,.,,,.,~,x.
Remark 3.1. The result is true in the more general case where the nonlinearity f satisfies the assumptions (F.l t(F.2) Vz, If'(z)1 < c( 1 + 1~1'~ ') for c > 0 and r E ( 1 + 4/N, 2* -1) (Kato [6] ) and r < 5 (which is the critical power in dimension one). Proof: (i) We derive the result from the conservation of energy and Lemma 1. Let R be an arbitrary positive constant. We first remark that if cp has a spherical symmetry, then the unicity of the solution of the Cauchy problem implies that Vt, u(t) also has a spherical symmetry. The facts that (CT -2)/2 < 2 and ilVu(r)l) t: + CC as t + T yield part (i).
(ii) We derive this from the same argument. From the equality (3.1), Lemma 2. and the conservation of the norm L2, we have and part (ii) follows using the same method as before.
Let us state a lemma which gives a comparison of the behavior of 14 at blow-up time, in the sets {s; IsI > R) and {.Y: 1.~1 6 R), for a fixed R>O. Since (a -2)/2 < 2 for Na 2, Proposition 2 implies the existence of a Kc +K such that Finally, the fact that (CJ -2)/2 < 2, Lemma 1, and (3.2) yield the result.
We are now in position to prove Theorem 2.
Proof of Theorem 2. We claim it as a consequence of Lemma 3 and the variational characterization of the ground state Q of Eq. (1.4) . Let R be an arbitrary positive constant and pR be defined as before.
On one hand, the energy conservation (1.3) implies that We obtain by (3.6) 
